A portfolio is usually defined as any collection of assets held by an investor. These assets include real as well as financial assets. However, in the context of this paper, the discussion is restricted to financial assets or securities. When an amount is invested in any security, it is expected to be held by the investor for a certain period of time. The investor expects monetary return from such investment. An investment in a fixed deposit can fetch an assured rate of return in the form of interest on the deposit amount. On the other hand, an investment in a security of a company may not guarantee an assured rate of return. The return may change depending upon different factors. It may be higher than the interest earned on a fixed deposit or can be very high. In some cases, the investor may actually incur loss. Investment in such securities has risk associated with it. Is it possible for investors to minimize the risk or loss associated with such securities? Markowitz (1952) studied the problem of risk associated with such investments and developed what is popularly known as the theory of investment or portfolio theory. He developed the optimal rule for allocating the available amount in different securities. The concept of diversification was mathematically developed by him (Markowitz, 1991) . A portfolio of securities is said to be a diversified portfolio, if it includes many securities to reduce the total portfolio risk. It was proved by Markowitz (1952; that if investors balanced their investments in different securities, it was possible to reduce the risk. The risk of portfolio can be diversified by adding the securities which do not move together with the securities already existing in the portfolio. In other words, the covariance between different securities in the portfolio is not very high. In such cases, investors can maximize the expected return for a given level of risk or vice-versa. This theory is based on the assumption that investors would like to maximize the expected return (or mean return) and minimize the risk of returns (or the variance of returns) (Markowitz,1987; Markowitz, Sharpe and Miller, 1991) . The portfolio theory shows that it is possible to obtain maximum return for a given level of risk or vice-versa.
If there are a number of securities available in a market, how can an investor select securities for an investment decision? One can arbitrarily or randomly select, say, 10 securities and then apply Markowitz Model. This portfolio will provide the highest possible return for a given level of risk in respect of those 10 securities. However, there is still one question, i.e., whether an investor can get a higher level of return by selecting, say, 12 securities (or for that matter any other number). This question be-
NOTES AND COMMENTARIES Portfolio Selection using
Min-Max Approach comes critical as there is empirical evidence that individual investors hold only a small number of securities (Sankaran, Krishnamurthy and Patil, 1998) . In such an environment, it can be critical to identify which securities should be selected for investment.
In this paper, a new dynamic approach to portfolio construction is presented. This approach consists of a new method of selecting fixed number of securities from the available securities for determining the investment allocation strategy. It has been shown that the portfolio constructed by this approach can consistently provide higher level of returns. Further, the constructed portfolio is sufficiently diversified. Markowitz (1952; and Markowitz, Sharpe and Miller (1991) introduced the idea of risk aversion of average investors and stated that they wanted to maximize the expected return with a minimum amount of risk. This model provides a theoretical framework for analysing risk and return. It uses the variance of returns based on the historical data as a measure of risk. Mathematical programming technique is used for obtaining an optimum portfolio. This has led to the concept of efficient portfolio which has the highest expected return for a given level of risk or the lowest risk for a given level of return. This approach can be mathematically depicted as follows:
MOTIVATION AND RELATED WORK
Suppose there are N securities. Let R i be the expected return for i th security based on historical data. Let σ i be standard deviation of returns for i th security. Let σ ij be the covariance between i th and j th security. Let R be the (Nx1) vector of N expected returns and Q be NxN variance covariance matrix. Let X i be the proportion of amount invested in i th security. Let X be the corresponding investment vector. Then the minimum risk for expected return R E is determined by obtaining the optimum solution to the following problem.
Min X T QX
Subject to constraints R T X = R E Σ X i = 1 and Xi ≥ 0 for i = 1, 2, … , N.
The efficient frontier can be obtained by changing the value of R E .
In order to use Markowitz approach for N securities, we need to obtain the following estimates: At present there are about 4,800 companies registered and actively traded in Bombay Stock Exchange (BSE, www.bseindia.com). The National Stock Exchange (NSE, www.nseindia.com) of India has around 3,600 companies registered and actively traded. It can be easily seen that a portfolio obtained by the Markowitz approach for all these securities will provide the highest return for a given level of risk. However, in practice, it is impossible to obtain such a portfolio due to the amount of data required. Further, in some cases, it may not be possible to get such data for new companies. In order to overcome this problem, the concept of market return has been introduced. It works as a benchmark return to compare the return obtained from any portfolio. The market index is an index of a few important securities in the market which defines the market returns. The portfolio containing all the stocks in the market index is called as market portfolio. The BSE Index or SENSEX consists of only 30 highly traded stocks in BSE. The NSE Index or NIFTY consists of only 50 stocks.
In order to understand why the selection of securities is critical, a small example of three securities is presented. The estimated mean return vector and variance covariance matrix of these securities obtained from the historical data (of last five years) can be seen in Table 1 . The minimum risk of this portfolio is 0.364363 and the expected return is 0.6174. The minimum risk of this portfolio is 0.374884 and the expected return is 0.5796.
In Table 4 , the allocation for Tata Comm and Suzlon is shown. The minimum risk of this portfolio is 0.420177862 and the expected return is 0.6174. In Table 5 , the allocation in respect of all the companies can be seen. The minimum risk of this portfolio is 0.352746 and the expected return is 0.594146. This is the minimum level of risk among all the four options and its return is higher than the corresponding return of the second option.
If the investor is prepared for a little higher level of risk, he can substantially improve his return. This can be seen from the fact that he can obtain a return of 0.62 for the risk level of 0.358205. It can be seen from this example that the level of risk and the corresponding return obtained will depend upon the securities selected. If the investor decides for option (2), he may end up getting a lower level of return. Options (1) and (3) can improve his return. Option (5) will not improve the return but can lower the level of risk. So, the problem is -if an investor is going to invest in only K securities out of N available securities, which K securities will ensure him higher level of returns.
The study by Blume, Crockett and Friend (1974) found that only about 11 per cent of the individual investors held more than 10 securities. Another work by Conine, Jensen and Tamarkin (1989) refers to other studies on the empirical evidence of highly undiversified portfolios of majority of investors in the US. This trend has not changed in the recent years, (Goetzmann and Kumar, 2001) . It is further stated that very few (less than 10%) individuals have more than 10 securities. This trend is not restricted to the US investors. Another study by Bark (1991) states that the Korean investors have highly undiversified portfolios. Such absence of diversification has also been observed in index tracking portfolios. It has been stated in Rudd (1980) that the majority of US index funds do not hold all securities in the chosen index. It has been stated that many index tracking mutual funds have only about 35 securities (Rudd, 1980) . There is no unanimity on how many securities should be there in a well diversified portfolio. It has been stated by Berk and DemMazro (2007) that almost all the benefits of diversification could be achieved with about 30 securities. The study by Shawky and Smith (2005) states that about 481 securities are required to make an optimal portfolio size. The empirical relationship between portfolio size and its risk/return has been studied in Evans and Archer (1968) . It has concluded that the all the benefits of diversification can be obtained by investing in only 10 securities. Fisher and Lorie (1970) provided support for Evans and Archer's argument with simulation results for various portfolio sizes based on all the stocks listed on the New York Stock Exchange. In this work, it is demonstrated that holding an eight-stock portfolio can effectively reduce the diversifiable risk by approximately 80 per cent, compared to a single security. The exact analytical expression for the relationship between portfolio size and risk has been derived by Elton and Gruber (1977) . It is stated that the conventional wisdom that most of the advantages of diversification are with 10-20 securities in a portfolio may not be fully correct. It has been shown that the portfolio variance can be significantly reduced by increasing the number of securities from 15 to 100. It has been stated in Statman (1987) that a portfolio including 30-40 securities is sufficient to effectively achieve efficient diversification. It has been stated that the optimum benefits of diversification can be obtained if securities are selected through systematic procedure and just random selection of securities will not improve returns (Evans and Archer,1968; Fisher and Lorie, 1970; Jacob,1979) . It has also been observed by DeMiguel, Garlappi and Uppal (2009) that investors follow "1/N" portfolio strategy. In other words, the amount to be invested is equally distributed among "N" selected securities.
It can be seen from this discussion that generally there are a few securities in a portfolio. In such cases, the return of the portfolio will be dependent on the securities selected. This can be seen clearly from the example presented earlier. So, which securities should the investor select in order to obtain returns which is close to market returns (as indicated in Ansari, 2000) ?
We present a dynamic approach for portfolio construction and management. Its main building block is a new method of selecting securities (from among the available securities) for a portfolio. In this method, securities are selected using Min-Max approach and fundamental variables. The total number of securities to be selected for the portfolio is not fixed. There is no upper bound on number of securities to be selected; however, lower limit of 10 securities is recommended. As few as 10 or a maximum of 30 to 40 securities can be selected. The historic return data of selected securities is used for computation of return vector and variance covariance matrix is used for allocation.
PROPOSED DYNAMIC APPROACH FOR PORTFOLIO CONSTRUCTION AND ALLOCATION
In this section, our method consisting of three steps is described in detail. It is assumed that an investor has an amount of A rupees to invest at the beginning of the horizon period. It is also assumed that after investing in selected securities, the investor will hold these securities for a certain period of time t. The allocation obtained at the beginning of the horizon period is minimum variance allocation (standard Markowitz approach). It has been observed that due to error in estimation of returns, the portfolio computed using Markowitz approach can become suboptimal as shown by DeMiguel, Garlappi and Uppal (2009) . In the present work, this problem is addressed by periodically obtaining optimum portfolio allocation. This process is continued till the end of the period of investment.
This can involve transaction cost in practice. However, in the present work, it is not considered. It has been shown that the returns of the portfolio obtained by our method are higher than market returns. Due to this, transaction cost is not considered at this stage; however, incorporating transaction cost in this approach is an important future work. This approach ensures high level returns. The returns obtained by this method are better than the index as well as five best performing mutual funds in the country. Further, the returns are higher than those obtained by the method described in Paudel and Koirala (2006) .
Suppose that there are N securities in the stock market.
The investor wants to invest in any K (K ≤ N) securities. At a certain point of time, the investor decides to invest in K securities. In this formulation, it is assumed that the investor holds these securities for a certain period of time. The main problem is portfolio allocation and how to decide which K securities the investor should select. As already stated the transaction costs are ignored for the present. It is assumed that all assets are infinitely divisible. There are no limitations on short-sales, and buying fraction of securities is allowed.
Description of the Approach
The main steps in our approach are as follows:
1) Decide number of securities say K, to invest in.
2) Decide the securities to invest in.
3) Carry out initial allocation as per Markowitz minimum risk model. The historical data for these companies is used. 4) Periodically calculate the allocation as in Step 3. The allocation is based upon the historical data available till the period. 5) At the beginning of each calendar year, repeat Steps 2 to 4.
This approach is called as Min-Max approach. These steps are now described in detail.
Decide number (K) of securities for investment: First, the number of securities to invest in is decided. As already stated, the benefits of diversification can be obtained by systematically selecting 10 to 50 securities. However, an investor can select more securities. There is no limit imposed by our method, except for the minimum number (in other words K ≥ 10), which has to be minimum 10.
Select securities for investment:
In general, it has been observed (Dhatt, Kim and Mukherjee, 1999 ) that the returns from the securities of companies have fundamental factors or firm level characters. Suppose that there are M fundamental variables. Then the fundamental variables having impact on returns are identified using Factor analysis and the significant ones are used for securities selection in the proposed method.
Let fv i be the i th fundamental variable.
fv ij be the value of i th fundamental variable for j th company (or security).
fvn ij be the normalized fv ij = fv ij /(market capitalization of j th company).
The values of fundamental variables of different companies are not directly comparable. They are required to be normalized so that they are comparable. The market capitalization value of the company can be used for normalization of values for fundamental variables. This parameter is used as it widely used in stock market.
In the first step, we select m fundamental variables by factor analysis. The factor analysis was carried out with five years' data in respect of companies in the Mumbai Stock Exchange and National Stock Exchange of India. The fundamental variables (total 26) identified through the analysis are shown in Table 6 . Our method of selection is as follows:
1) For j th fundamental variable, find out fvnmax j = max(fvn ij ) , i = 1, 2, …, N 2) For j th fundamental variable, find out fvnmin j = min(fvn ij ) , i = 1, 2, …, N 3) Then determine value s ij for i th company and j th fundamental variable. It is obtained as s ij = (fvn ij -fvnmin j ) / (fvnmax j -fvnmin j ) . 4) Then obtain value R i for i th company as R i = Σ j s ij , j = 1, 2, …, n 5) Then arrange R i in ascending order (from the highest to lowest). 6) Select securities of companies with the highest k values for R i .
In order to achieve diversification, the companies can be grouped into different sectors. In that case, the above procedure can be modified to select the highest k i values from each sector. These are selected in such a way that Σ k i = K. The value of k i is obtained as follows:
Let P i , be the ratio of Market Capitalization of i th sector to the Total Market Capitalization; it can be written as:
This procedure is carried out at the beginning of the horizon period and is repeated every year. The previous five years' data of fundamental variables for the corresponding company is used each time.
Carry out initial allocation:
After identifying securities to be selected, the optimum allocation (or weights) is obtained by solving optimization problem defined in (1) (i.e., Markowitz Model). The historical risk return data is collected for selected companies and allocation is carried out. This is referred to as allocation at time t.
Periodically calculate new allocation: In many cases, portfolio obtained by using Markowitz Model become suboptimal; and so, the allocation is carried out periodically by using historical risk-return data available till that period. Thus, if allocation is carried out at time (t+d), the historical risk-return data (for the companies selected in
Step 2) available till that time is used. This step is also repeated at the beginning of each year. The most widely used period can be one month. In case the period selected is one month, then the allocation is carried out at the beginning of the month, using the historical data available till that month. 
EXPERIMENTAL RESULTS
In order to find out the performance of the portfolio constructed using the Min-Max approach, a number of different portfolios of different sizes were constructed. Initially, fundamental variables data of all the companies registered in a particular index, was collected for a period of three years (financial years [2005] [2006] [2007] . The list of variables is given in Table 6 . This data was separately collected from the Mumbai Stock Exchange (BSE) as well as the National Stock Exchange (NSE). Then the fundamental analysis was carried out. The ranking of different companies was obtained. This exercise was carried out in respect of two indexes separately. Then the following steps were carried out to construct the portfolio:
• The value of K was set to 10, 20, 30, and 50.
• The companies with top K ranks were selected from BSE and NSE. The list of the highest 30 ranked companies from NSE for the 3-year period from 2006 to 2008 is shown in Table 7 .
• Five-year historical data on the returns of these K companies was collected from BSE and NSE. Table 8 shows the scores and ranking of the companies from BSE in the IT sector obtained by using the approach for year 2005.
• Initial allocation (weights) was obtained using
Markowitz approach (optimum solution of 1). The amount of Rs. 1,00,000/-(amount A) was invested using this allocation.
• The value of the portfolio based on actual prices was obtained at the beginning of the month. Let A v be the value of the portfolio.
• At the beginning of every month, the return vector and risk matrix were updated by taking into account the data available till that month. The allocation was obtained using Markowitz approach (optimum solution of 1). Amount A v was invested using this allocation.
• At the beginning of every year, the fundamental analysis was carried out by collecting data available till that period. Then steps (1) to (3) were repeated and the step (5) was carried out. Then the return vector and risk matrix were obtained for the new set of companies by taking into account the data available till that period. The allocation was obtained using Markowitz approach (optimum solution of 1). Amount A v was invested using this allocation.
• The performance of these portfolios (identified by the returns) based on actual prices (as on the end of a particular day) were compared with the portfolios constructed using other standard approaches (DeMiguel, Garlappi and Uppal, 2009; Paudel and Koirala, 2006) . 1) The portfolio obtained from BSE by using (1/N) or equal allocation and investing in all companies in BSE.
2) The portfolio obtained by NSE in the same way 3) The portfolio obtained by CAP model as in Paudel, and Koirala (2006) . 4) The returns from a guided fund and five best performing mutual funds as indicated by their respective Net Asset Values (NAV). GRASIM  HDFC  GRASIM  HDFC  HDFCBANK  HCL  HDFCBANK  HEROHONDA  HDFC  HEROHONDA  HINDPETRO  HDFCBANK  HINDUNILVR  HINDUNILVR  HEROHONDA  HINDPETRO  ICICIBANK  HINDALCO  ICICIBANK  INFOSYS  HINDUNILVR  INFOSYS  JETAIRWAYS  ICICIBANK  JETAIRWAYS  L&T  INDHOTEL  L&T  M&M  INFOSYS  M&M  MARUTI  ITC  MARUTI  ONGC  L&T  ONGC  PNB  M&M  PNB  RELIANCE  ONGC  REL  RNRL  PNB  RELIANCE  RPL  RANBAXY  RPL  SBIN  RELIANCE  SBIN  SIEMENS  SBIN  SUNPHARMA  SUNPHARMA  SUNPHARMA  TATACOMM  SUZLON  TATAMOTORS  TATAMOTORS  TATACOMM  TATASTEEL  TATASTEEL  TATAMOTORS  TATATEA  TCS  TATASTEEL  WIPRO WIPRO TCS
The comparison of returns obtained by the proposed Min-Max approach and those obtained by other approaches like equal allocation, different indexes, and five best performing mutual funds in the country can be seen in Table 9 . The five best performing mutual funds are selected based on their respective NAV values from the respective set of securities. The ranking of companies in respect of the IT Sector from BSE can be seen in Table 8 . It can be easily seen from these Tables that the returns  obtained Table 10 . The returns were compared with those obtained from the portfolios formed by equal allocation (1/N) in all the companies in the corresponding index and the market index. In case of BSE, (1/N) allocation and index consist of 100 securities, whereas the Min-Max approach has only 30 securities.
The monthly returns obtained by our approach against different portfolios can be seen in Tables 11 and 12 .
It can be seen from Tables 11 and 12 , that monthly returns of the Min-Max approach are significantly better than the other approaches. In these Tables, the returns  are shown can be graphically seen in Figures 1 and 2 . The returns from the above approach are consistently better even in 2008. In the case of NSE stocks, negative returns are never observed. In the case of BSE stocks, returns are consistently better than other approaches. Another interesting observation is about the performance of equal allocation strategy. It does better than index and its returns are quite high. The performance of Min-Max approach can be seen graphically in Figures 1 and 2 . It may be noted that equal allocation does better than this approach for year 2007; however, it is based on 100 stocks in BSE.
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